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Super Vertex Mean Graphs

A.Lourdusamy', M.Seenivasan?, Sherry George® and R.revathy*

Abstract : An edge labeling of a graph G is an assignment f of labels
to the edges of G that induces a label for each vertex v depending on
the edges labels. A super vertex mean labeling f is an injection from E

to the set {1,2,3,...,p+q} that induces for each vertex v the label

fle)
Round d(») such that the set of all edge labels and the induced

vertex labels is {1,2,3,...,p+q}. In this paper we study super vertex

behavior of certain classes of graphs.
1. Introduction

A vertex labeling' of a graph G is an assignment f of labels to the vertices of G that
induces a label for each edge uv depending on the vertex labels. An edge labeling of a
graph G is assignment f of labels to the edges of G that induces a label for each
vertex v depending on the edge labels. Let G = (V, E) be a simple graph with p

vertices and q edges. A mean labeling f is an injection from V to the set (0,1,2,..., q)

u)+ v
that induces for each edge uv the label [%} such that the set of edge labels is

(1, 2,..., q). Mean labeling was introduced by Somasundaram and ponraj [8]. A graph
that accepts a mean labeling is known as mean graph. A super mean labeling f is an

injection from V to the set {1,2,..., p+q} that induces for each edge uv the label

[+ [ . .
— such that the set of all vertex labels and the induced edge labels is
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(1,2,...,ptq}. In this paper we study super vertex behavior of certain classes of graph.
Super vertex mean labeling was introduced by R.Ponraj et al.[7]. A graph that
accepts a super mean labeling is known as super mean graph. Some results on mean
labeling and super mean labeling are given in [4, 5, 6, 7, 8, 9]. For a summary on
various graph labeling see the Dynamic survey of graph labeling by Gallian [2].
Lourdusamy and Seenivasan [3] introduced vertex mean labeling as an edge
analogue of mean labeling as follows: A vertex mean labeling of a (p,q) graph G(V,E)
is defined as an injection f:E = {0,1,... , ¢*}, = max(p,q) such that the injection f:

ev| (e
V = N defined by the rule f'(9) = Round !ZTI)()] satisfies the property that
v

FV)={Ff (w: u€V } ={12,.., p}, where E, denotes the set of edges in G that

are incident at v and N denotes the set of all natural numbers. A graph that has a
vertex mean labeling is called a vertex mean graph or V-mean graph. For all
terminology and notations in graph theory, we refer the reader to the text book by
D.B.West [10]. All graphs considered in this paper are finite and simple. Motivated
by the concept of super mean labeling, we introduce super vertex mean labeling of

graphs as follows

Definition 1.1. A Super vertex mean labeling f of a graph G(V,E) is an injection from E
to the set {1,2,3,...,p+q} that induces for each vertex v the label f'(v) = Round

YEV[@ | |
T such that the set of all edge labels and the induced vertex labels is
v

{1,2,3,... ,pHq}.
Henceforth we call super vertex mean as SVM. To initiate the investigation we obtain

certain classes of graphs which are SVM graphs. It is obvious that no tree is an SVM
graph. We also observe that C, is not an SVM graph.
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1. Some SVM Graphs

Theorem 2.1. The cycle C,, is an SVM graph if and only ifn ? 4.

Proof: Let {e}, e, ..., €,} be the edge set of C, such that ¢; =vijvi;;, 1 L i<m—1,

en = vpvi. Checking each of the possibilities reveals that the cycle C4 is not an

SVM. So we assume that n#4.

Case 1: n =1 (mod 2). Let n = 2r+1. The edges of C, are labeled as follows:
] _{25—1if15: i<r+1

@)=t ifr42<i<n
It is easy to observe that f is injective. The induced vertex labels are given as

follows

n+1 ifi=1
Fv)=22i—2if2<i<r+1
2i —1ifr+2<i<mnm

Itisclearthat f(E) U £ (V)= {2i—- 1: 1€ i £nr} U {2i:1 <£i < n}

=1{1,2,3, ..., 2n}.
Case 2: n = (mod 2). let n = 2r. The edges of C, are labeled as follows:
r 1 ifi=2
3 ifi=2
7 ifi=13
fe?) = 144 ife<i<r+1
4n—4i+5 ifr4+2<i<n—1
\6 ifi=n
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Hence the theorem.
Super vertex-mean labeling of C and ¢, are shown in Figure 1.

Theorem 2.2
Prof. Let V(P xP)) = {u, u, ........ ,u i UV vn)and E (P xP,)={UU_ :
1<i<n-1} U{VV_ :<i<n-1} U {uv, :1<I<n}. Wenote that the order of L_is 2n

and the size is 3n-2

up U u3 Uy Us

1 5 10 14 21
: NG NG UL A N

Vi \ V3 Va Vs

Va

Va Vs \'3 N4 Vg
FIGURE 2. Super vertex-mean labeling of Ls

The edges of Ln are labeled as follows :
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ifi =1
f(mw+1)=E5i—1 ifiisevenori = n—1
i ifisoddandi# 1andi#n—1
Sn—2 fi=n—1
f(v'v'ﬂ)_&i+2 otherwise
1 ifi=1
5 ifi=2
fluuw)=45i—6 filsevenand i+ 2 orn
5i—5 ifiisoddandi#*1orn

n—4 ifi=n

it is easily observed that f is injective. The induced vertex labels are as follows:

(2 iFfi=1
fllu)={5i—4 f2<i<mn—1
Sn —5ifi=n
(4 ifi=1
fiivii={5i—2 f2<i<n—1
S5n—3ifi=n

It is easy to verify, in both cases, that the set of all edge labels and the induced
vertex labels is {1,2,....,5n-2}.

Hence the theorem.

SVM labeling of Ls and Lg are shown in Figure 2.

Theorem 2.3. A triangular snake with n blocks is SVM.

Proof. Let G, be a triangular snake with n blocks on p vertices and q edges. Then p
=2n+ 1 and ¢=3n.
Let V(Gy) ={ui: 1 <i<mn+1}U{v;: 1 < i <n} and V(G,) = {1, Uivi, U1 Vi :
1 £ i <n}. The order of G, is 2n+1 and size is 3n.
The edges of G, are labeled as follows :
1 ifi=1
5i ifilsevenandi#n
5i —3 ifissoddandi#1
n+1 fnisevemandi=n

f(UiUi+1) =
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f(u-v-)=&5i —3 ifiiseven
- i—2 ifiisodd
Ei —1 fifiiseven

f(Vilis1) = §5i ifiisoddandi+ n
n+1 ifnisoddandi= n
Then, the induced vertex labels are as follows:
ifi=1
_ )5i —4if2<i <n
Flu)= 5n ifi=m+1andniseven
i—1ifi=mn+1andnisodd

5—2 ifiiseven
f'iv)=4{5i—1 ifiisoddandi ¥#n
5n if i—=mandnisodd
It can be easily verified that f is injective and the set of edge labels and induced
vertex labels is {1,2,...., Sn+1}.
Hence the theorem.

Super vertex mean labeling of triangular snakes are shown in Figure 3.

Figure 3 : Super vertex-mean labeling of triangular snakes

Theorem 2.4. Quardrilateral snakes are SVM.
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Proof. Let G, be a quadrilateral snake with V(G,) = {u;: 1L i<n+1} U { u w;:
1< i<n}and E(G,) = {uiti1, uivi, uinwi, viwi : 1 <i<nm} Then p=3n+1and g=
4n. Define f: E(G,) = {1,2,3...., 7n+1} as follows:

i f1<i<n—1
Flun,) ={,.iVn+ 1 ifi=n

flurz)=7i—6 if1<i<n

iFi=1
f("i“")={3?i—3 f2<i<n

f(wiui+1)=7i—1 iflgigﬂ

Then the induced vertex labels are as follows :

4 ifi=1
f)=1™m  ifi=n+1
7i— 5 otherwise

(@)= ?i—s if“i=1.

fw)=7i—2 f1<i<n

It can be easily verified that £ is injective and the set of edge labels and induced
vertex labels I {1,2,3,..., Tn+1}.

Hence the theorem.

A Super vertex-mean labeling of a Quadrilateral snake is shown in Figure 4.
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FIGURE 4. A Super vertex-mean labeling of a Quadrilateral snake
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